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' Abstract. In this paper, we prove that there exists an equivalence between 2- 

category of smooth Dehgne-Mumford stacks with torus-embeddings and actions, and 
the 1-category of stacky fans. For this purpose, we obtain two main results. The first 
is to investigate a combinatorial aspect of the 2-category of toric algebraic stacks 
defined in [Iwa07a| . We establish an equivalence between the 2-category of toric 
algebraic stacks and the 1-category of stacky fans. The second is to give a geometric 
Q> ' characterization theorem for toric algebraic stacks. 
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1. Introduction and main results 



< 

^ ' The equivalence between the category of toric varieties and that of fans is a funda- 

. mental theorem of toric varieties, and it gives a fruitful bridge between algebraic geom- 
etry and combinatorics. It is also useful in various stages; for example, the most typical 
and beautiful use is toric minimal model program (cf. |Rei83] ) . Since simplicial toric 
Tj- ■ varieties have quotient singularities in characteristic zero, it is a natural problem to 
^ . find such an equivalence in the stack-theoretic context. Let k be an algebraically closed 
tH- ! base field of characteristic zero. Consider a triple : G^^ ^ X,a : X x ^ X), 
I where A* is a smooth Deligne-Mumford stack of finite type and separated over k, that 
^ ■ satisfies the followings: 

^ ■ (i) The morphism l : Gf^ A" is an open immersion identifying with a dense 

^ ■ open substack of X. (We shall refer to ^ X to a. torus-embedding.) 

! (ii) The morphism a : X x Gf^ A is an action of on X, which is an extension 

^ i of the action G^ on itself. (We shall refer to it as a torus action.) 

(iii) The coarse moduli space X for A is a scheme. 

We shall refer to such a triple as a toric triple. Note that if A is a scheme, then X 
^ ' is a smooth toric variety. A 1-morphism of toric triples 

.C? ; {X,L:Gi^ X,a: X xGi^ X) ^ {X\ i' : Gi ^ X', a' : X' x Gi ^ X') 



is a morphism f : X ^ X' such that the restriction of / to G^ induces a morphism 
GJ^ — >• Gf^ of group /c-schemes and the diagram 



/x(/lGd ) 

XxGi "^X'xGi 

X ^X' 

commutes in the 2-categorical sense. A 2-isomorphism g : fi f2 is an isomorphism 
of 1-morphisms. 

Our main goal is the following: 
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Theorem 1.1. There exists an equivalence between the 2-category of toric triples and 
the 1-category of stacky fans. {See Definition \2. 1\ for the definition of stacky fans.) 

The non-singular fans form a full-subcategory of the category of stacky fans. Thus 
our equivalence includes the classical equivalence between smooth toric varieties and 
non-singular fans (See Remark 14.51) . 

To obtain Theorem II. 1^ we need to consider the following two problems: 

(i) Construction of toric triples associated to a stacky fan (S, TP) (we 
shall call it the associated toric algebraic stack), and the establishment of an 
equivalence between the groupoid category Hom (^(^^^ ^o); =^(£2,2?)) the 
discrete category associated to the set of morphisms Hom ((Si, S?), (E2, Sg)). 

(ii) Geometric characterization of toric algebraic stacks associated to stacky fans. 

For the first problem, the construction was given in jlwa07a] (see also |Iwa06] ) . In loc. 
cit., given a stacky fan (S, TP) we defined the associated toric algebraic stack ^(s,so) by 
means of logarithmic geometry. In characteristic zero it is a smooth Deligne-Mumford 
stack and has a natural torus embedding and a torus action, i.e., a toric triple. Let us 
denote by Torst the 2-category whose objects are toric algebraic stacks associated to 
stacky fans (cf. Section 2). A 1-morphism of two toric algebraic stacks / : .^(s,i;o) — > 
<^(A,AO) in Torst is a torus-equivariant 1-morphism (cf. Definition 12. 12.31 12.61) . A 
2-morphism : /i — > /2 is an isomorphism of 1-morphisms. Then the following is our 
answer to the first problem. 

Theorem 1.2. We work over a field of characteristic zero. There exists an equivalence 
of 2- categories 

$ : Totst (1-Category of Stacky fans) 
which makes the following diagram 

Torst — 5— s> (Category of Stacky fans) 



Simtoric — - — > (Category of simplicial fans) 

commutative. Here Simtoric is the category of simplicial toric varieties {morphisms in 
Simtor are torus-equivariant ones), and c is the natural functor which sends the toric 
algebraic stack ^(s,so) associated to a stacky fan (S, S°) to the toric variety X-e {cf. 
Remark \2.S\ and Remark\3.4^ . The 1-category of stacky fans is regarded as a 2-category. 



In Theorem 11.21 the difficult point is to show that the groupoid of torus-equivariant 
1-morphisms of toric algebraic stacks is equivalent to the discrete category of the set of 
the morphisms of stacky fans. For two algebraic stacks X and 3^, the classification of 
1-morphisms X ^ y and their 2-isomorphisms is a hard problem even if X and 3^ have 
very explicit groupoid presentations. Groupoid presentations of stacks are ill-suited to 
considering such problems. Our idea to overcome this difficulty is to use the modular 
interpretation of toric algebraic stacks in terms of logarithmic geometry (cf. Section 2). 
The notion of a certain type of resolutions of monoids (called (S, E'^)-free resolutions) 
plays a role similar to monoid-algebras arising from cones in classical toric geometry, 
and by virtue of it we obtain Theorem 11.21 by reducing it to a certain problem on log 
structures on schemes. As a corollary of Theorem 11.21 we show also that every toric 
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algebraic stack admits a smooth torus-equivariant cover by a smooth toric variety (cf. 
Corollary EIU]). 

The second problem is the geometric characterization. Remembering that we have 
the geometric characterization of toric varieties (cf. |KKMS73] ) we wish to have a 
similar characterization of toric algebraic stacks. Our geometric characterization of 
toric algebraic stacks is: 

Theorem 1.3. Assume that the base field k is algebraically closed in characteristic 
zero. Let {X, l : G'^ X,a : X x ^ X) be a toric triple over k. Then there exist 
a stacky fan (S, and an isomorphism of stacks 

$ : X — > <^(s,sO) 
over k, and it satisfies the following additional properties: 

(1) The restriction of^ to Gf^ C X induces an isomorphism $o '■ G'^ — > Spec k[M] C 
<^(s,so) of group k-schemes. Here N = Z'^, M = B.omx{N,'L) , H is a fan in 
N and Specfc[M] ^ ^{e,so) is the natural torus embedding {cf. Defini- 

tion\2^. 



(2) The diagram 



XxGt — "^(s.so) X SpecA;[M] 

X -^(E,SO) 

commutes in the 2-categorical sense, where a(s,so) • x SpecA;[M] — >■ 

=^(2, SO) is the torus action functor (cf. Section 2.2). 

Moreover, such a stacky fan is unique up to isomorphisms. 

The essential point in the proof of Theorem 11.31 is a study of (etale) local structures 
of the coarse moduli map X ^ X. We first show that X is a toric variety and then 
determine the local structure of A" ^ X by applying logarithmic Nagata-Zariski purity 
Theorem due to S. Mochizuki and K. Kato (independently proven). 

It is natural and interesting to consider a generalization of our work to positive char- 
acteristics. Unfortunately, our proof does not seem applicable to the case of positive 
characteristics. For example, we use the assumption of characteristic zero for the appli- 
cation of log purity theorem. Furthermore, in positive characteristics, toric algebraic 
stacks defined in |Iwa07aj are not necessarily Deligne-Mumford stacks. It happens to 
be an Artin stack. Thus in such a generalization the formulation should be modified. 
(See Remark 

Informally, Theorem 11.11 implies that the geometry of toric triples could be encoded 
by the combinatorics of stacky fans. It would be interesting to investigate the geometric 
invariants of toric triples in the view of stacky fans. In this direction, for instance, in 
the subsequent paper |Iwa07bj we have shown the relationship between integral Chow 
rings of toric triples and (classical) Stanley-Reisner rings, in which a non-scheme- 
theoretic phenomenon arises. In another direction, it seems that Theorem 11.21 has a 
nice place in the study of toric minimal model program from a stack-theoretic and 
derived categorical viewpoint. 
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The paper is organized as follows. In Section 2 we recall basic definitions concerning 
toric algebraic stacks and some results which we use in Section 3 and 4. In Section 
3 we present the proof of Theorem 11.21 and its corollaries. In Section 4 we give the 
proof of Theorem 11.31 Finally, in Section 5 we discuss the relationships with the work 
[BCSOSj of Borisov- Chen- Smith modeling the quotient construction by Cox |Cox95a] . 
and the recent works |FMN07] . |Per07j by Fantechi-Mann-Nironi and Perroni. 

We systematically use the language of logarithmic geometry, and assume that readers 
are familiar with it at the level of the paper |Kat88j . 
Notations And Conventions 

(1) We fix a Grothendieck universe ^ with {0, 1, 2, 3, ...} G ^ where {0, 1, 2, 3, ...} 
is the set of all finite ordinals. We consider only monoids, groups, rings, schemes 
and log schemes which belong to 

(2) A variety is a geometrically integral scheme of finite type and separated over a 
field. 

(3) toric varieties: Let A = Z"^ be a lattice of rank d and M = }iomi{N, Z). If 
S is a fan in Ajr = A (S)^ M, we denote the associated toric variety by A^. 
We usually write : := Specfc[M] > A^ for the torus embedding. If k 
is an algebraically closed field, then by applying Sumihiro's Theorem jSum75l 
Corollary 3.11] just as in |KKMS73| Chap. 1] we have the following geometric 
characterization of toric varieties: Let A be a normal variety which contains 
an algebraic torus (= G'^) as a dense open subset. Suppose that the action of 

on itself extends to an action of on A. Then there exist a fan E and 
an equivariant isomorphism A = A^. 

(4) logarithmic geometry: All monoids will be assumed to be commutative with 
unit. For a monoid P, we denote by P^^ the Grothendieck group of P. A 
monoid P is said to be sharp if whenever p+p' = for p, p' G P, then p = p' = 0. 
For a fine sharp monoid P, an element p G P is said to be irreducible if whenever 
p = q + r for q,r G P, then either g = or r = 0. In this paper, a log 
structure on a scheme A means a log structure (in the sense of Fontaine-Illusie 
( |Kat88j )) on the etale site X^t- We usually denote simply hj M. a. log structure 
a : M ^ on X , and denote by M the sheaf M/i^x- Let i? be a ring. For 
a fine monoid P, the canonical log structure, denoted by M.p, on Spec -R[P] is 
the log structure associated to the natural injective map P R[P]- If there 
is a homomorphism of monoids P ^ R (here we regard P as a monoid under 
multiplication), we denote by Spec (P — >■ R) the log scheme with underlying 
scheme Spec R and the log structure associated to P —y R. For a toric variety 
As, we denote by A^s the fine log structure ^ iT.*^Ts ^ ^-^s '^^ ^s- We 
shall refer to this log structure as the canonical log structure on Ag. We refer 
to jlwa07 a] for the further generalities and notations concerning toric varieties, 
monoids and log schemes, which are required in what follows. 

(5) algebraic stacks: We follow the conventions of ( |LM00j ). For a diagram A A 

Y <^ Z, we denote by A x^y;, Z the fiber product (and we often omit a and 
b if no confusion seems to likely arise). Let us review some facts on coarse 
moduli spaces of algebraic stacks. Let X be an algebraic stack over a scheme 
S. A coarse moduli space (or map) for A" is a morphism vr : A" — A to an 



THE CATEGORY OF TORIC STACKS 



5 



algebraic space over S such that (i) tt is universal among morphisms from X 
to algebraic spaces over S, and (ii) for every algebraically closed S-field K the 
map [A'(i^)] X{K) is bijective where [A'(ii')] denotes the set of isomorphism 
classes of objects in the small category X{K). The fundamental existence 
theorem on coarse moduli spaces (to which we refer as Keel-Mori Theorem 
|KM97j ) is stated as follows (the following version is enough for our purpose): 
Let /c be a field of characteristic zero. Let X be an algebraic stack of finite type 
over k with finite diagonal. Then there exists a coarse moduli space n : X ^ X 
where X is of finite type and separated over k, and it satisfies the additional 
properties: (a) vr is proper, quasi-finite and surjective, (b) For any morphism 
X' — >■ X of algebraic spaces over k, X Xx X' X' is a. coarse moduli space 
(cf. |AV02l Lemma 2.3.3, Lemma 2.2.2]). 

Acknowledgements I would like to thanks Yuichiro Hoshi for explaining to me basic 
facts on Kummer log etale covers and log fundamental groups, and Prof. Fumiharu 
Kato for his valuable comments. I also want to thank the referee for his/her help- 
ful comments. I would like to thank Institut de Mathematiques de Jussieu for the 
hospitality during the stay where a part of this work was done. 

2. Preliminaries 

In this Section, we will recall the basic definitions and properties ( [Iwa07a] ) con- 
cerning toric algebraic stacks and stacky fans. We fix a base field k of characteristic 
zero. 

2.1. Definitions. In this paper, all fans are assumed to be finite, though the theory 
in |Iwa07a] works also in the case of infinite fans. For a fan S, we denote by S(l) the 
set of rays. 

Definition 2.1. Let = Z'^ be a lattice of rank d and M = Homz(iV,Z) the dual 
lattice. A stacky fan is a pair (E, E"), where E is a simplicial fan in Ak = N ^z'^, and 
E° is a subset of |E| fl A^, called the free-net of E, which has the following property 

(<|fc) For any cone cr in E, a fl E° is a submonoid of o" fl A^ which is isomorphic to 
l^dimo-^ such that for any element e G cr fl A^ there exists a positive integer n such that 
n ■ e e cr n E°. 

A morphism / : (E in A^ (g)^ M, E°) ^ (A in A^' (g)^ M, A°) is a homomorphism of 
Z-modules f : N ^ N' which satisfies the following properties: 

• For any cone a in E, there exists a cone r in A such that / M.{a) C r. 

• /(S°) C A". 

There exists a natural forgetting functor 

(Category of stacky fans) — (Category of simplicial fans), (E, E*^) ^-^ E. 

It is essentially surjective, but not fully faithful. Given a stacky fan (E, E*^) and a ray 
p in E(l), the initial point Pp of p fl E° is said to be the generator of E° on p. Let Qp 
be the first point of p fl A^ and let rip be the natural number such that Up ■ Qp = Pp. 
Then the number rip is said to be the level of TP on p. Notice that E° is completely 
determined by the levels of TP on rays of E. Each simplicial fan E has the canonical 
free-net T^ca.n whose level on every ray in E is one. 
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If S and A are non-singular fans, then a usual morphism of fans S ^ A amounts to 
a morphism of stacky fans (E, S^^^j^) (A, Acan)- Namely, the category of non-singular 
fans is a full-sub category of the category of stacky fans. 

Let us give an example. Let cr be a 2-dimensional cone in (Z-ei ©Z-e2) ^z'^ = M®^, 
that is generated by ei and ei + 2e2. Let (j° be a free submonoid of a fl (Z • ei © Z ■ 62) 
that is generated by 2ei and ei + 2e2. Note = N®^. Then {a, cr°) forms a stacky 
fan. The level of 0"° on the ray ]R>o ■ ei (resp. ]R>o • (ei + 262)) is 2 (resp. 1). 

Let P be a monoid and let S* C P be a submonoid. We say that S is close to P if 
for any element e in P there exists a positive integer n such that n ■ e lies in S. The 
monoid P is said to be toric if P is a fine, saturated and torsion-free monoid. 

Let P be a toric sharp monoid and d the rank of P^^. A toric sharp monoid P is 
said to be simplicially toric if there exists a submonoid Q of P generated by d elements 
such that Q is close to P. 

Definition 2.2. Let P be a simplicially toric sharp monoid and d the rank of P^^. 
The minimal free resolution of P is an injective homomorphism of monoids 

i:P — > F 

with F = N*^, which has the following properties: 

(1) The submonoid i{P) is close to F. 

(2) For any injective homomorphism j : P —y G such that j(P) is close to G and 
G = N'^, there exists a unique homomorphism (p : F ^ G such that j = (p o i. 

We remark that by [IwaOTaj Proposition 2.4] or Lemma 13.31 there exists a unique 
minimal free resolution for any simplicially toric sharp monoid. Next we recall the 
definition of toric algebraic stacks ( |Iwa07aj ). Just after Remark [2.81 we give another 
definition of toric algebraic stacks, which is more direct presentation in the terms of 
logarithmic geometry. 

Definition 2.3. The toric algebraic stack associated to a stacky fan (S in A^^^M, S°) 
is a stack =^(s,so) over the category of fc-schemes whose objects over a /c-scheme X are 
triples {n : S ^ Ox,(y : M ^ Ox,V - <S ^ M) such that: 

(1) is an etale sheaf of submonoids of the constant sheaf M on X determined by 
M = B.omz{N,Z) such that for every point x E X , Sx = Sx- Here Sx (resp. 
Sx) denotes the Zariski (resp. etale) stalk. 

(2) TT : — > Ox is a map of monoids where Ox is a monoid under multiplication. 

(3) For s G 5, 7r(s) is invertible if and only if s is invertible. 

(4) For each point x E X, there exists some a G S such that 5^ = cr"^ fl M. 

(5) a : A4 Ox is a fine log structure on X. 

(6) ?7 : iS ^ is a homomorphism of sheaves of monoids such that vr = a o 77, and 
for each geometric point x on X , f] : Sx = (iS/( invertible elements))^ M.x is 
isomorphic to the composite 

S.^F^F, 

where r is the minimal free resolution of Sx and t is defined as follows: 

Each irreducible element of F canonically corresponds to a ray in E (See Lemma 12.41 
below). Let us denote by Cp the irreducible element of F which corresponds to a ray 
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p. Then define t : F ^ F hy Cp ^ Up ■ Cp where Up is the level of TP on p. We shall 
refer to t o r : ^ F as, the (S, TP)-free resolution at x (or (S, TP)-free resolution of 
Sx = iSs /(invertible elements)). 

A set of morphisms from {ji : S ^ Ox, en : M. — > Ox,V '■ <S ~^ to • ^' ~^ 
Ox, a' : M.' ^ Ox,fi : S' ^ A4') over X is the set of isomorphisms of log structures 
(f) : Ai ^ Ai' such that (porj = rj' : S = S' ^ Ai' if {S, vr) = {S', n') and is an empty set 
if (5, tt) 7^ (5', tt'). With the natural notion of pullbacks, ^(s,so) is a fibered category. 

By |AMRT75l Theorem on page 10], Homfc_schemes(-^, -^s) — { all pair (5, vr) on X 
satisfying (1), (2), (3), (4) }. Therefore there exists a natural functor 7r(s,so) : '^(s,so) — ^ 
which simply forgets the data a : At ^ Ox and rj : S —>■ At. Moreover a : At ^ 
Ox and rj : S ^ Ai are morphisms of the etale sheaves and thus ^(s,eo) is a stack 
with respect to the etale topology. Objects of the form (vr : M — > i^x, (?*x ^ ^x, : 
M G*^ determine a full sub-category of ^(e,so); i-e., the natural inclusion ^(e^eo) • 
Ts = Specfc[M] ^ '^(s.so)- This commutes with the torus-embedding i-£ : ^ X-^. 

Lemma 2.4. With notation in Definition \2.3\ let e be an irreducible element in F and 
let n be a positive integer such that n ■ e G r{Sx)- Let m & be a lifting of n ■ e. 
Suppose that iSj; = cr^ fl M C M. Then there exists a unique ray p G a(l) such that 
{m, (p) > 0, where (p is the first lattice point of p, and (•, •) is the dual pairing. It does 
not depend on the choice of liftings. Moreover this correspondence defines a natural 
injective map 

{Irreducible elements of F} —>■ S(l). 

Proof. This is fairly elementary (and follows from |Iwa07aj ). but we will give the 
proof for the completeness. Since the kernel of — >■ is f) M, thus (m, Vp) does 
not depend upon the choice of liftings m. Taking a splitting N = N' (B N" such that 
(J = a' ® {0} C © A'^ where a' is a full-dimensional cone in N^, we may and will 
assume that a is a full-dimensional cone, i.e., 0""^ fl M is sharp. Let l : DM ^ he 
the natural inclusion and r : a'^nM ^ F the minimal free resolution. Then there exists 
a unique injective homomorphism i : F ^ a"^ such that i or = l. By this embedding, 
we regard F as a submonoid of . Since r : o"^ fl M ^ F C cr"^ is the minimal free 
resolution and cr"^ is a simplicial cone, thus for each ray p G cr^(l), the initial point of 
p n F is an irreducible element of F. Since rkF^^ = rk {a'^ fl M)^^ = dima^ = dim a, 
thus each irreducible element of F lies on one of rays of a"^ . It gives rise to a natural 
bijective map from the set of irreducible elements of F to cr'^(l). Since a and cr"^ are 
simplicial, we have a natural bijective map (T^(1) — *• C3"(l); p i— >• p*, where p* is the 
unique ray which does not lie in p^. Therefore the composite map from the set of 
irreducible elements of F to a{l) is a bijective map. Hence it follows our claim. □ 

Remark 2.5. (1) The above definition works over arbitrary base schemes. 
(2) If S is a non-singular fan, then is the toric variety X^. 

2.2. Torus Actions. The torus action functor 

a{E,so) : ^(T.,T.o) X Specfc[M] — ^ =^{s,so), 

is defined as follows. Let ^ = (vr : 5 — Ox, en : Ai Ox,f] '■ <S Ai) be an 
object in .^(e,so)- Let : M — Ox be a map of monoids from a constant sheaf M 
on X to Ox, i.e., an X-valued point of Specfc[M]. Here Ox is regarded as a sheaf 
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of monoids under multiplication. We define a(s,EO)('C) 0) to he {(p ■ tt : S Ox, a : 
M. Ox, (p ■ r] : S ^ A4), where ■ n{s) := ■ tt{s) and (p ■ ri{s) := ■ ri{s). Let 
h : TWi — > be a morphism in x SpecA;[M] from (Ci,0) to (^2,0), where 

= {it : S ^ Ox,a : M^ ^ Ox,Vi ■ ^ ^ Mi) for i = 1,2, and (p : M ^ Ox is an 
X-valued point of Spec k[M]. We define a(s,EO)(/i) to be /i. We remark that this action 
commutes with the torus action of Spec A; [M] on X^. 

Definition 2.6. Let (Sj in Xj^R, S^) be a stacky fan and the associated toric 

algebraic stack for i = 1,2. Put Mj = Hom2(Xj,Z). Let us denote by ^(e.^sO) • 
^(Ei,sO) X SpecA;[Mj] — ^ '^(Ei.s") the torus action. A 1-morphism / : ~^ 
^(T.2,T.l) is torus- equivariant if the restriction /o of / to Spec A;[Mi] C ^iY.i,T.\) defines 
a homomorphism of group fc-schemes /o : SpecA;[Mi] — > SpecA;[M2] C ^(E2,sO); cind 
the diagram 

^(s,sO) X Specfc[Mi] ^(s,,EO) X SpecA;[M2] 



"(Si,sO) 



commutes in 2-categorical sense. Similarly, we define the torus-equivariant (l-)morphisms 
from a toric algebraic stack (or toric variety) to a toric algebraic stack (or toric variety). 
We remark that t^(y.,t.o) '■ ^{t.,yP) ~^ -^s is torus-equivariant. 

2.3. Algebraicity. Now we recall some results which we use later. 

Theorem 2.7 ((cf. |Iwa07aj Theorem 4.5)). The stack ^(s,so) is a smooth Deligne- 
Mumford stack of finite type and separated over k, and the functor 7r(s,sO) : =^(2,20) — 
Xy; is a coarse moduli map. 

Remark 2.8. By |Iwa07aj . we can define the toric algebraic stack <^(s,eo) over Z. 
The stack <^{e,i;o) is an (not necessarily Deligne-Mumford) Artin stack over Z. In 
characteristic zero, toric algebraic stacks are always Deligne-Mumford. 

Let / : ^(s,so) ^ ^{a,a°) ^ functor (not necessarily torus-equivariant). Then by 
the universality of coarse moduli spaces, there exists a unique morphism : 
such that o 7r(s,E0) = tt{a,a°) ° /• 

Here we shall give another presentation of =^(e,so), that is more directly represented 
in terms of logarithmic geometry. It is important for the later proofs. Let {'^ , vr^/) be 
the universal pair on X-^ satisfying (1), (2), (3), (4) in Definition l2.3[ which corresponds 
to Idxs ^ Hom(Xs,Xs). It follows from the construction in |AMRT75] that the log 
structure associated to tt^/ : Gxy. is the canonical log structure A^s on X^. By 

|Iwa07at 4.4], the stack is naturally isomorphic to the stack ^s(S*') over the 

toric variety X^, which is defined as follows. For any morphism f : Y ^ X^, objects 
in over f : Y ^ Xs are morphisms of fine log schemes {f,(p) '■ {Y,//) —>■ 

(Xs, A^s) such that for every geometric point y —>■ Y, cp : f~^^y = f'^Ms^y J^g is 
a (S, S*')-free resolution. (We shall call such a morphism [Y,//) (X, A^^) a S'^-Fi? 
morphism.) A morphism (y, A/')/(Xs,a4e) ~^ (X' i'^') /{Xt.,Mt.) i^ <^e(S°) is a (X^, Mt)- 
morphism (a, (p) : {Y,M) —>■ {Y' ,N'') such that cp : a*M' ^ A/" is an isomorphism. 

Remark 2.9. Let {f,h) : {X,M.) — » {Y,N') be a morphism of log schemes. If h : 
f*M ^ Al is an isomorphism, we say that (/, h) is strict. 
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We call SO) — the toric algebraic stacks (or toric stacks) associated to 

(S,SO). 

We shall collect some technical lemmata ElOl EUl and[2lI2(cf. |Iwa07al 2.16, 2.17, 
3.4]), which we will apply to the proof of Theorem 11.21 and 11.31 Let (E, S°) be a stacky 
fan. Assume that S is a cone a such that dim a = rkiV, i.e., full-dimensional. Set 
P = nM (M = Homz(A^, Z)). The monoid P is a simplicially toric sharp monoid, 
and there is a natural isomorphism X^, = SpecA;[P]. 

Lemma 2.10. Let r : P — N"* be the minimal free resolution. Let us denote by Cp the 
irreducible element in N*^ which corresponds to a ray p in a, and let t : N'^ — N'^ 6e the 
map defined by Cp ^ Up-Cp where rip is the level of = S° on p. Let {Spec k[P], A4p) 
and (Spec A^N^*) be toric varieties with canonical log structures, and let (tt,?]) : 
(Spec A^jsjd) (Spec A;[P], A^p) the morphism of fine log schemes induced by 
I := tor : P-^N'^-h>N'^. Then {t^^ti) is a TP-FR morphism. 

Lemma 2.11. Let {q,'~f) : {S,//) —>■ (Spec A; [P], Alp) be a morphism of fine log 
schemes. Let c : P ^ M.p be a chart. Let s be a geometric point on S. Suppose 
that there exists a morphism ,^ : N'^ — * A/g such that the composite ^ o I : P —>■ A/g is 
equal to 'jg ° Cg : P ^ q^^Aip^g Ag {with notation as in Lemma \2.1(J^ . Assume that 
^ . _^ Ag etale locally lifts to a chart. Then there exists an etale neighborhood U of 
s in which we have a chart e : 'N'^ ^ JV such that the following diagram 

P ^N'^ 

c e 
q*Mp^Af 

commutes and the composite N'^ J\f ^ A/'g is equal to ^. 

Let / : P — s> be the homomorphism as in Lemma [2.10[ Let us denote by G := 
{{Nyp/l'^P{P3P))^ the Cartier dual of the finite group (N'^)fP//fP(P»P). The finite group 
scheme G naturally acts on Spec A; [N''] as follows. For a fc-ring A, an A- valued point 
a : (N'^)9P//9P(P9P) ^A*ofG sends an A- valued point x : N*^ ^ A (a map of monoids) 
of Spec k[N'^] to a ■ X : N'^ ^ A; n a{n) ■ x{n). Since G is etale over k (ch(A;) = 0), 
the quotient stack [Spec A;[N'^]/G'] is a smooth Deligne-Mumford stack ( [LMOOt 10.13]) 
whose coarse moduli space is Spec /c[N'^]'^ = SpecA;[P], where /c[N'^]*^ C ^[N'^] is the 
subring of functions invariant under the action of G. The quotient [Spec fc[Z'^]/G'] is 
an open representable substack of [Spec [N"^] /G] , which defines a torus embedding. 

Proposition 2.12. There exists an isomorphism [Spec A;[N'^]/G] — <^(S°) of stacks 
over SpecA;[P], which sends the torus in [Spec A;[N'^]/G] onto that of <^(S°). More- 
over the natural composite Specfc[N'^] [Spec /c[N'^]/G] ^s(S*') corresponds to 
{Speck[n\M^i) {Spec k[P],Mp). 

2.4. Log structures on toric algebraic stacks. Let ^(e,eo) • = Spec /c[M] 
^{T.,Y.°) denote its torus embedding. The complement ^(e,so) '■= '^{t,,t.°) ~ with 
reduced closed substack structure is a normal crossing divisor (cf. |Iwa07at 4.17] or 
Proposition [2112]). The stack has the log structure Ai(s,so) arising from ^(e,so) 
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on the etale site <^(E,so),et- Moreover we have 

where G g;^^ n2(s^E0)*^^^ denotes the subsheaf of ^x^^ j,0) consisting of regular func- 
tions on e^(s,so) whose restriction to is invertible. The coarse moduh map 7r(£,E0) '■ 
=^(s,so) ^ -'^E induces a morphism of log stacks, (vr(2,i;o), /i(s,i;o)) : (=^(2,20); -^(e,so)) ~^ 
(Xe, A^s). Here /i(s,so) '■ 7r(*2 20)-^E ^ -^(s,so) arises from the natural diagram 

^(e'",SO)-^S ^ -M(S,EO) 

Similarly, a functor / : <^(e,sO) — > <^(a,ao) such that /(T^) C Ta C ^(a,ao) naturally 
induces the canonical homomorphism hf : /*A1(a,ao) -^{s,so) which is induced by 
/^-'^A^(A,AO) / "'^'^^(aaO) ^-^(eeO)' shall refer to this homomorphism hf as 
the homomorphism induced by f. 

The log structure A^(s,so) on .^^(S^) = <^(e,so) has the following modular inter- 
pretation. Let f : Y ^ = <^(e,so) be a morphism from a /c-scheme F, 
which corresponds to a S^-FR morphism (Y,A4y) — ^ (Xs,A^s)- We attach the log 
structure Aiy to f : Y ^■^(T,^), and it gives rise to log structure A^(2 e") 
=^s(S°) = =^(s,eO)- We claim 7V1(s,eo) = -^(es")- follow- 
ing observation. Let U — > be an etale cover by a scheme ?7 and pr^,pr2 : 
U x^j,(so) U ^ U the etale groupoid. A log structure on <^e(S°) amounts to a de- 
scent data (A^(7, pr^A1[/ = prjA^c/) where A^c/ is a fine log structure on U. Given 
a data (A^jy, pr];A^{/ = pr2A^;7), if A4u arises from a normal crossing divisor on U, 
then A^;7 C and pr];Al(7 = prgAif/ C i^ux ay- ,s^o^u■ By Proposition 12. 12[ there is an 
etale cover f : U ^ ^e(S°) such that 2°) ^i^ses from the divisor /^^(^(e,so))- 
Then from the above observation and the equality /*Ai{E,so) = eo) ^u, 
we conclude that Ai so) is isomorphic to Ai{s,EO) up to unique isomorphism. For 
generalities concerning log structures on stacks, we refer to ( |Ols03l Section 5]). 

Remark 2.13. The notion of stacky fans was introduced in [BCS051 Section 3]. We 
should remark that in [BCSOSj . given a stacky fan (S, S°) whose rays in E span the 
vector space iVs, Borisov-Chen-Smith constructed a smooth Deligne-Mumford stack 
over C whose coarse moduli space is the toric variety Xs, called the toric Deligne- 
Mumford stack. Their approach is a generalization of the global quotient constructions 
of toric varieties due to D. Cox. However, it seems quite difficult to show the 2-category 
(or the associated 1-category) of toric Deligne-Mumford stacks in the sense of |BCS05j 
is equivalent to the category of stacky fans by their machinery. In Section 5, we explain 
the relationship with [BCSOSj . 

3. The proof of Theorem 11.21 

In this Section, we shall prove Theorem II. 2[ As in Section 2, we continue to work 
over the fixed base field k of characteristic zero. The proof proceeds in several steps. 
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Lemma 3.1. Let <^(s,i;o) (ind ■^[a,ao) be toric algebraic stacks arising from stacky 
fans (S in A^i^k, S°) and (A in N2^r, A°) respectively. Let f : .^(^.s") ^{a,a°) ^ 
functor such that /(T^) C Ta C <^(a,ao)- Let fc : be the morphism induced 

by f {cf- Remark \2.S\) . Then there exists a natural commutative diagram of log stacks 

(<^{E,SO), A1{E,S0)) (<^(A,AO), A^(A,A")) 



('^(A,aO)''^{A,aO)) 



Proof. We use the same notation as in Section 2.4. Note that fc commutes with 
torus embeddings. We define a homomorphism hf^ : /*A^a -^s to be the ho- 
momorphism induced by /"^A^a — fc^^XA ~^ ^x^- Then since /i/, hf^, /i(s,eo), 
and /i(A,AO) are induced by the homomorphisms of structure sheaves (Section 2.4), 
^{s,so) o 7i"(s,E0)^/c : (/c ° 7i"(s,E0))*A^A -M(E,sO) IS equal to hf o /*/i(a,ao) : (7r(A,A0) o 
f)*M.A -^(E,so)- Thus we have the desired diagram. □ 

Proposition 3.2. With notation in Lemma \3.1\ if f is torus- equivariant, then the 
morphism fc is torus- equivariant. Moreover the morphism fc corresponds to the map 
of fans L-.J:^ A such that C A°. 

Proof. Clearly, the restriction of fc to induces a homomorphism of group k- 

/^(/Itj^) "(A aO) 

schemes — Ta C Xa. Note that <^(e,so) x — ^ =^(a,ao) x ^a ^{a,a°) 

is isomorphic to <^(e,so) x Tt. — ^ <^(a,ao)- Since X(2,so) x Ts (resp. 
X(A,AO) X Ta) is a coarse moduli space for .^(e.e") x Ts (resp. <^(a,a'') ^ ^a), thus 
fc is torus-equivariant. Set Mj = Hom2(Xj,Z) for i = 1,2. Let : M2 Mi be 
the homomorphism of abelian groups that is induced by the homomorphism of group 
/c-schemes /cIte • — ^ ^a- The dual map L : Ni = B.omx{Mi,Z) B.omi{M2, Z) = 
N2 yields the map of fans : E in Ni^^ — > A in N2^m., which corresponds to the 
morphism fc. To complete the proof of this Proposition, it suffices to show i^(S°) C A°. 
To do this, we may assume (S, S") = (a, cr°) and (A, A") = {6, 6^) where a and 6 are 
cones. We need the following lemma. □ 

Lemma 3.3. If a is a full- dimensional cone, then the {a,a^)-free resolution [cf. Def- 
inition \2.'^ of cr^ n Ml is given by 

n Ml ^ {m G Mi ®z Q|| {m, n) E Z>o for any n E a^}. 

Proof of Lemma. Let P := cr^ fl Mi. We first show the case of cr° = cr'^i^^. We 
assume = c^can- Let d be the rank of Mi. Here Mi = P^'^. Let S* be a submonoid 
in 0" n Xi which is generated by the first lattice points of rays in a. Namely, S = crj?^^^ 
and S = N'^. Put F := {h E Mi ®zQ \ {h, s) E Z>o for any s E S}. It is clear that F 
is isomorphic to N"'. Since cr"^ n Mi = {/i e Mi (g)^; Q | {h, s) E Z>o for any s G a n Xi}, 
we have P G F G Mi ®2 Q. We will show that the natural injective map i : P F 
is the minimal free resolution (cf. Definition 12. 2p . Since the monoid a fl Xi is a fine 
sharp monoid, it has only finitely many irreducible elements and it is generated by 
the irreducible elements ( [OlsOSl Lemma 3.9]). Let {Ci, • • • , (A (resp. {ei, . . . , e^}) be 
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irreducible elements of a fl A^^i (resp. F). For each irreducible element Cj in F, we put 

(cj, (j) = ttij/bij G Q with some aij G Z>o and bij G N. Then we have 

(UoKjKrbij) ■ ei{an Ni) C Z>o 

and thus i : P F satisfies the property (1) of Definition 12.21 To show our claim, it 
suffices to prove that the i : P F satisfies the property (2) of Definition I2.2[ Let 
j : P ^ G be an injective homomorphism of monoids such that j{P) is close to G and 
G = N'^. The monoid P has the natural injection I : P —>■ Mi (S>zQ- On the other hand, 
for any element e in G, there exists a positive integer n such that n-e E j{P). Therefore 
we have a unique homomorphism a : G —>■ Mi ®i Q which extends I : P Mi ®i Q 
to G. We claim that there exists a sequence of inclusions 

PCF C a{G) C Ml (g)z Q. 

If we put a{Gy := {f e Ni ®z Q \ {pj) G Z>o for any p G a{G)} ^ N"^ and 
pv {/ G A^i ®z Q I {P,f) e Z>o for any p e F} = S = N'^, then our claim is 
equivalent to the claim a{GY C -F^. However the latter claim is clear. Indeed, the 
sublattice S is the maximal sublattice of a fl A'^i which is free and close to a fl iVi. The 
sublattice is also close to a (1 Ni, and thus each irreducible generator of a(G)^ 

lies on a ray of cr. 

Finally, we consider the general case. Put Fcan := {h E Mi ^zQ I {h,s) G Z>o for 
any s G a^^^} and F := {h e Mi ®z Q \ {h,s) G Z>o for any s G cr°}. (Note that 
notation changed.) Then we have a natural injective map Fcan ~^ F because C o"can- 
Given a ray p G the corresponding irreducible element of Fcan (resp. F) (cf. 

Lemma [2^ is mp (resp. m'p) G Mi (8>zQ such that {nip, (p) = 1 (resp. {m'p, np(p) = 1), 
and {rup, Q) = (resp. {m'p, Q) = 0) for any ray C, with ^ ^ p. Here for each ray a, (a 
denotes the first lattice point of a, and Ua denotes the level of cr° on a. The natural 
injection Fcan F identifies nip with Upni'p. Thus cr^ fl Mi — >• F is a (a, cT°)-free 
resolution of cr^ n Mi. □ 

We continue the proof of Proposition. We shall assume L{TP) ^ A'^ and show that 
such an assumption gives rise to a contradiction. First we show a contradiction for the 
case when a and 5 are full-dimensional cones. Set P := cr"^ fl Mi and Q := fl M2. 
Note that since a and 5 are full-dimensional, P and Q are sharp (i.e., unit-free). 
Let us denote by o (resp. o') the origin of Spec /c[P] (which corresponds to the ideal 
(P)) (resp. the origin of Specfc[(5]). Then /c sends o to o'. Consider the composite 
a : Spec ^specfc[N<'],s SpecA;[N'^] [Spec A;[N'^]/G'] = <^(s,so) of natural morphisms 
(cf. Proposition 12.121) . where s is the origin of SpecA;[N'^]. Then by Lemma [3.11 there 
exists the following commutative diagram 

M2 Q = a-\^^^o^f-^MA a"V"^-M(A,AO) 

Ml P = a-^TT^^^^o^MT; ^ a-^M(^E,T.O). 

On the other hand, set F := {m G Mi (E)z Q|| {ni,n) G Z>ofor anyn G a^} and P' := 
{m G M2 Qll ('^, n) G Z>ofor anyn G 5"}. Then by the above Lemma, the (a, cr°)- 
free resolution a~'^n7^j.o.J^Y; «~^A^(s,eo) is identified with the natural inclusion 
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P := cr^nMi ^ F (the monoid a ^M.ce,y:0) can be canonically embedded into Mi®Q). 
Similarly, a'^Ti'^^j^o.^fc^-^A « V^^-^(a,ao) can be identified with the natural 
inclusion Q = 5"^ fl M2 ^ F' . The homomorphism a^^/~^A^(A,AO) ^ (^"^-^(s.so) can 
be naturally embedded into ® Q : M2 ® Q — Mi ® Q. However the assumption 
L(S°) ^ A° implies L^(F') ^ F. It gives rise to a contradiction. Next consider 
the general case, i.e., a and 5 are not necessarily full- dimensional. Choose splittings 
Ni ^ N[®N'^ (i=l,2), a ^ (t'©{0}, 5 = 6'®{0} such that a' and 5' are full-dimensional 
in N[^^ and iV2_jj, respectively. Note that ^(a,a") — ^(a' o-'o) ^ Spec A;[M{'] and .^(^^^o) = 
"^((S'.^'o) ^ Spec k\M2\. Consider the following sequence of torus-equivariant morphisms 

•^((t'.ct'O) <^(a,(70) '^(5,50) = '^(5',5'0) X SpecA;[M2] ^ =^(5',5'0), 

where i is determined by the natural inclusion iV( © A^^f, and pr^ is the first 

projection. Notice that i and pr^^ naturally induce isomorphisms i* M.(a,(j^) -^(a' o-'") 
and pr^A^j.^, — > ^(5,50) respectively. Thus the general case follows from the full- 
dimensional case. □ 



Remark 3.4. (1) By Proposition 13. 2[ there exists the natural functor 

c : Torst — > Simtoric, ^(e,eo) ^ -^e 

which sends a torus-equivariant morphism / : <^(e,so) ^ '^(A,a") /c • ^A, 
where /c is the unique morphism such that fc o vr(s.s(>) = t!'{a,a°) ° /• 
(2) We can define a 2-functor 

$ : Torst (Category of stacky fans), ^(e,so) ^ (S, S°) 

as follows. For each torus-equivariant morphism / : <^(e,so) '^{a,ao), the restriction 
of / to the torus SpecA;[Mi] C ^(s,eo) induces the homomorphism $(/) : Ni —>■ N2 
that defines a morphism of stacky fans $(/) : (E, E°) (A, A°) by Proposition 13. 2[ 
For each 2-isomorphism morphism g ■ fi ^ f2 (/i?/2 : =^(s.e'') =^ '^(a,ao) are torus- 
equivariant morphisms), define $((7) to be Id$(j^). (Note that $(/i) = $(/2).) 

In order to show Theorem 11.21 we show the following key Proposition. 

Proposition 3.5. Let ,^ : (S in Ni^^, S°) —>■ (A in A'"2,r, A°) be a morphism of stacky 
fans. Let {f,hf) : (Xs,A^e) {Xa,-M.a) be the morphism of log toric varieties 
induced by ^ : ^ A. Let S be a k-scheme and let (a, h) : {S,Af) (-^e^-^e) be a 
H^-FR morphism. Then there exist a fine log structure on S, and morphisms of log 
structures a : a*f*A4/^ £^ and Q : ^ M which make the following diagram 

a*f*MA ^ 

a*hf 

a*Mj: — ^ M, 

commutative and make {foa, a) : {S, ^) (-^a, A^a) 0, A^-FR morphism. The triple 
(j2/, a, 6) is unique in the following sense: If there exists such another triple (^', a', 6'), 
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then there exists a unique isomorphism rj : ^ s^' which makes the diagram 




commutative. 

We first show our claim for tlie case of 5 = Spec R where R is a. strictly Henselian 
local /c-ring. Note that if is a fine saturated log structure on S = Spec R, then by 
|Ols03l Proposition 2.1], there exists a chart Ai{S) ^ Ai on S. The chart induces an 
isomorphism A4{S) (B R* —>■ Ai{S). If a chart of Ai is fixed, we abuse notation and 
usually write Ai{S) © R* for the log structure Ai. Similarly, we write simply At for 
Ai{S). Before the proof of Proposition, we prove the following lemma. 



Lemma 3.6. Set P := a-^Ms{S), Q := a-^f-^MA^S) and i := a-^hf : Q ^ P. 

T t 

Let : Q ^ W be the composite map where r is the minimal free resolution and 

t is the map defined as follows. For the irreducible element Cp G N*" which corresponds 
to each ray p in A, t sends Cp to rip ■ Cp where rip is the level of on p. Then there 
exists a unique homomorphism of monoids I : W Af such that the following diagram 



Q 



p 



w 



commutes. 



Proof. The uniqueness of / follows from the facts that M is free and 7(Q) is close 
to N**. To show the existence of /, we may assume that S and A are cones. Set 
cT = S, aO = SO, 5 = A, and 5° = A". Choose splittings A^^ ^ A^"; © N'^ (i=l,2), 
a = a' © {0}, and 5 = 5'® {0} such that dimiV{ = dim a' and dimA^^ = dim 5'. Then 
the projections N[®N[' N[ {i = 1, 2) yield the commutative diagram of log schemes 

{f,hf) 



where vertical arrows are strict morphisms induced by projections, and {g, kg) is the 



morphism induced by 



N'2. Thus we may assume that a and 5 are full- 



dimensional in A^i^R and A^2,r respectively. Then P' := cr^ fl Mi and Q' := 5"^ fl M2 
are sharp (i.e. unit-free). Let Ri : P' N™ (resp. R2 : Q' N") be the (a, cr°)-free 
(resp. {5, 5°)-free) resolution. Let /* : Q' — > P' be the homomorphism arising from 
/. Then by the assumption C A'^, there exists a homomorphism w : N" — > 

such that w o R2 = Ri o /#. Taking Lemma [2.101 into account, we see that our claim 
follows. □ 



Proof of Proposition \3.5[ By Lemma 13. 6[ there exists a unique homomorphism 
I : W ^ Af . By |Ols03| Proposition 2.1], there exists a chart Cj^ : Af ^ N. Then 
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maps Cj^ o / and c_/v- o / o 7 induce the log structures N*" © R* and Q ® R* respectively. 
On the other hand, by [OlsOSj Proposition 2.1] there exists a chart c'q : Q ^ a*f*Ai/^. 
Let i : R* ^ M he the canonical immersion. Let us denote by j the composite map 



AT © i?* ^ i?* 



Q A a*rMA 

and define a chart Cq : Q ^ a*f*MA hj Q 3 q c'q{q) " HqY^ ^ a*f*M/\ (here 
j{q) is viewed as an element in q;*/*A^a)- Then we have the following commutative 
diagram 



U®R* 



■■Af®R* 



Q®R* 



Q®R* 





a*f*MA 



where '■ R* ^ a* f*M.A is the canonical immersion. The map cq © is an 
isomorphism, and (7©Id/j.) o (cg ©^a)"^ : a*/*A<A ^ W ®R* makes foa : S 
a A°-FR morphism. Thus we have the desired diagram. Next we shall prove the 
uniqueness. To prove this, as above, we fix the chart Cj^ : J\f Af. Suppose that for 
A = 1,2, there exist a A°-FR morphism ax : a*/*A^A and a morphism of log 

structures Q\: s^\^ M such that h o a*h^ = 6\o a\. By the above argument (for the 
proof of the existence), we have a chart cq : Q ^ a*f*AiA such that the image of the 
composite 

is trivial. By Lemma [2. 11^ cq can be extended to a chart c\ : N 
ca o 7 = OA o Cq for A 
induces a character ch 
immersion R* ^ ^/a for A = 1, 2, then Ca © U : N^' (B R* ^ is an isomorphism. 
Let us denote by 17 : ^/i ^ ^ an isomorphism of log structures, defined to be the 

composite ^1 W ® R* ^ W ® R* ^'^^^^ =5/2, where u : W ® R* 3 {n,u) ^ 

(n, chi(n) ■ ch2(n)^^ -u) & W ®R* . Then it is easy to see that 77 : =2/1 — 5> ^ is a unique 
isomorphism which makes all diagrams commutative. □ 



Jl* Ji* 



such that 

1, 2. Then the composite prg o (c^ © o Q^o c\ -.W ^ R* 
A : (N'')^'P/7((5)^^P R*. Note that if za denotes the canonical 



Next consider the case of a general fc-scheme S. First, we shall prove the uniqueness 
part. If there exists a diagram as in (Jjk) but without r/, then by the case of the 
spectrum of strictly Henselian local fc-ring, for every geometric point s on S*, there 
exists a unique homomorphism r^j : — which makes the diagram (Jjt) over 
Spec Gs,s commutative. Thus, to prove the uniqueness, it suffices to show that r]s can 
be extended to an isomorphism on some etale neighborhood of s, which makes the 
diagram (Jit) commutative. To this aim, put Q = f~^M.A,s, and choose a chart 
Cq '■ Q ^ (y*f*M.A on some etale neighborhood U oi s (such an existence follows from 
|Ols03l Proposition 2.1]). We view the monoid Q as a submonoid of = ^ = =2^'. 
Taking Lemma [2. Ill and the existence of r]s into account, after shrinking U if necessary. 



16 



ISAMU IWANARI 



we can choose charts W and N*" £/' on U, such that restriction of c (resp. c') 

to Q is equal to the composite ao cq (resp. a' o cq), and 9 o c = 9' o c' , with notation 
as in Then charts c and c' induce an isomorphism £/ s^' on f/, which makes 
the diagram [9^) commutative. 

Next we shall prove the existence of a triple a, 9). For a geometric point s on S*, 
consider the localization S' = Spec i^s^g. Set Q = f~^MA,s- Then by the case of 
the spectrum of a strictly Henselian local /c-rings, there exist a log structure £/ on S", 
a A'^-FR morphism a : a*f*A4j\ j — > and the diagram of fine log structures on 5" 




a*f*MA 



such that 9 o a = h o hf. Here c, c', and c" are charts and F = . To prove the 
existence on S', by the uniqueness, it suffices only to show that we can extend the 
above diagram to some etale neighborhood of s. In some etale neighborhood V of s, 
there exists charts c : Q — a* j* M.^ and c" : A4 — ^ A/" extending c and c" respectively, 
such that the diagram 



Q 



■Ms 



hoht 



a*f*MA 

commutes. Let =g/ be the fine log structure associated to the prelog structure F 
A/g ^ Af ^ Gij. Then there exists a sequence of morphisms of log structures 



a*f*MA ^ ^ 



AT, 



such that a o 9 = ho hf, which is an extension of a*f*AiA,s ^ ^ Afg- Since 
a*/*A^A ^ has a chart by Q — > F, thus by Lemma [2. 101 we conclude that {f oa,a : 
a*f*MA ^) ■ iS,£/) iX^,MA) is a A°-FR morphism. This completes the 
proof of Proposition 13.51 



□ 



Proof of Theorem 1.2. Let 7iom(^(s,so)! ^a,a'-^)) be the category of torus-equivariant 
1-morphisms from =^(s,so) to ^{aa°) (whose morphisms are 2-isomorphisms) . Let 
Hom ((S, (A, A°)) be the discrete cate gory arising from the set of morphisms from 
(S, S°) to (A, A°). We have to show that the natural map 

$ : ?iom(er(s,so), ^(A,A«)) Hom ((S, (A, A°)), 

is an equivalence. This amounts to the following statement: If F : (S, S°) — (A, A°) 
is a map of stacky fans and {f,hf) : (Xs,A^e) ^ (-^a,A^a) denotes the torus- 
equivariant morphism (with the natural morphism of the log structures) of toric vari- 
eties induced by F : S — >■ A, then there exists a torus-equivariant 1-morphism (with 
the natural morphism of log structures) 

{f,hj) : (=^(E,EO), A/i(E,SO)) ('^(A,AO), A/1(A,A'')) 
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such that {f,hf) o (vr(2,so)5 ^(s.s")) = (7r(A,AO)5 ^(a.a")) ° {f,hj), and it is unique up 
to a unique isomorphism. By Proposition 13.51 for each object {a,h) : {S,Af) — » 
(Xs, Mt.) in ^s(S°), we can choose a pair ((/oa, g),^(^a,h}) where (/oa, 51) : (S", M) -> 
(Xa, A^a) is an object in ,^a(A°), i.e., a A^-FR morphism, and ^{a,h) : — > A/" is a 
homomorphism of log structures such that the diagram 



a*f*MA 

a*hf 



M 



i{a,h) 



commutes. For each object {a,h) : {S,Af) (Xs,7V/is) ^ Ob(,^(S°)), we choose 
such a pair : {S,M) {Xa,Ma) G Ob(^A(A°)), ^(^,;,) : M ^ f/). By 

the axiom of choice, there exists a function Ob(^E(S°)) Ob(,^^(A°)), {a,h) t— > 
f{{a,h)). Let K, /i^) : {S^Afi) (Xs,A^s) be a S°-FR morphism for i = 1,2. For 
each morphism (g, e) : (^i,^) ^ (^2, Ay's) in .^^(SO), define /((g,e)) : /((Si,7Vi)) := 

/((52,AA2)) := (^2,-M2)/(x.,Ma) to be (g,/(e)) : (5i,A<i) ^ 
(5*2,7^2) such that the diagram 



Ml 
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g*h2 



commutes. Here the homomorphisms chosen as above. The uniqueness 

of such a homomorphism /(e) follows from Proposition 13. 5[ This yields a functor / : 
^■si^^) <^a(^°) with a homomorphism of log structures C, : /*A^(a,ao) -^(s,so) 
(it is determined by the collection {^{a,h)})- It gives rise to a lifted morphism (/,0 • 
(<^(E,so),-M(s,EO)) ^ (=^(A,AO), A^(A,AO)). Since A<(E,EO) C ^jr^j^ j^O) on <^(s,so),et, thus 
^ : f*M{A,AO) — > -A^(E,so) is the homomorphism hj induced by / (cf. Section 2.4). 
In addition, if /' : <^(e,so) ~^ -^{AA^) another lifting of / and ( : f ^ f is a. 
2- isomorphism, then ( induces an isomorphism a : /*A^(a,ao) ~^ /'*-^(a,ao) such that 
hj = ^ = hp o a, where hp : /'*A1(a,ao) — ^ A1(e,so) is the homomorphism induced 
by f. Therefore, for another lifting /' : ^(s,so) = ^e(S°) ^ jrA(AO) = jr(A,AO) 
of /, the existence and the uniqueness of 2-isomorphism C • / ~^ /' follows from 
Proposition 13.51 Indeed, let {a,h) : {S,Af) (Xs,A^s) be a S°-FR morphism and 
set f{{a,h)) = {{foa,g) : {S,M) ^ (Xa,A^a)} and f'{{a,h)) = {{foa,g') : 
{S,A4') — > {Xa, Ma)} (these are A^-FR morphisms). Then we have the following 
commutative diagram 



a*f*MA 



M 



a*hi 



M' 
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where hj : M. ^ M (resp. hj, : M.' M) denotes the homomorphism induced 

by hj : ^M^aa") ~^ -^(s,eO) (resp. h^, : /'*>1(a,ao) ^ -^{s,sO)) (^^ abuse no- 
tation). By Proposition 13. 5[ there exists a unique isomorphism of log structures 
C{a,h) '■ -M M.' which fits into the above diagram. Then we can easily see that the 
collection {(y[a,h)}(a,h)&.f:T.(T.'^') defines a 2-isomorphism / f. Conversely, by the above 
observation and Proposition 13.51 a 2-isomorphism f ^ f must be {cr(a,h)}{a,h)<^s's{T:0) 
and thus the uniqueness follows. Finally, we shall show that / is torus-equivariant (cf. 
Definition [22]) • It follows from the uniqueness (up to a unique isomorphism) of a lifting 
=^(2,20) X Spec k[Mi\ — > ^(A,A°) '^^ torus-equivariant morphism x Spec k[Mi] 

Xs Xa- Here a is the torus action and we mean by a lifting of / o a a functor which 
commutes with f o a via coarse moduli maps. Thus we complete the proof of Theo- 
rem Ol □ 

Theorem 11.21 and its proof imply the followings: 

Corollary 3.7. Let f : Xj] — ^ Xa be a torus-equivariant morphism of simplicial toric 
varieties. Then a functor {not necessarily torus-equivariant) f : ^(e,so) '^(a,ao) 
such that 7r(A,A0) ° f = f ° 7r(s,E0) is unique up to a unique isomorphism {if it exists). 

Proof. It follows immediately from the proof of Theorem 11.21 □ 

Corollary 3.8. Let f : <^(e,sO) ^ «^^(a,a°) ^ ('^^^ necessarily torus-equivariant) 
functor. Then f is torus-equivariant if and only if the induced morphism fc : —>■ Xa 
of toric varieties is torus-equivariant. 

Proof. The "only if part follows from Proposition 13. 2[ The proof of Theorem 11.21 
implies the "if part. □ 

Corollary 3.9. Let S and A be simplicial fans and let ( A, A*^) be a stacky fan that is 
an extension of A. Let F : S — > A be a homomorphism of fans and let f : X^ — Xa 
be the associated morphism of toric varieties. Then there exist a stacky fan (E, E°) 
that is an extension of S and a torus-equivariant morphism f : ~^ '^(A,ao) 

such that 7r(A,A0) ° f = f ° Moreover if we fix such a stacky fan (E, E°), then 

f is unique up to a unique isomorphism. 

Proof. Theorem 11.21 immediately implies our assertion because we can choose a 
free-net E^ such that F(E°) C A^. □ 

Corollary 3.10. Let (E, E'^) be a stacky fan in N-^ and let ^(e.s") be the associated 
toric algebraic stack. Then there exists a smooth surjective torus-equivariant morphism 

P '■ Xa — ^ «^(s,eo) 

where Xa is a quasi-affine smooth toric variety. Furthermore, Xa can be explicitly 
constructed. 

Proof. Without loss of generality, we may suppose that rays of E span the vector 
space Xr. Set N = ©peE(i)^' Cp. Define a homomorphism of abelian groups rj : N — > 
X by Cp ^— s> Pp where Pp is the generator of E° on p (cf. Definition 12.11) . Let A be 
a fan in Xr that consists of cones 7 such that 7 is a face of the cone ©pGi;(i)I^>o ■ Cp 
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and %(7) lies in A. If A^^^^^ denotes the canonical free-net (cf. Definition 12. ip . then rj 
induces the morphism of stacky fans rj : (A, A°^j^) (S, TP). Note that <^(a,ao^„) is the 
quasi-affine smooth toric variety Xa- Let p : Xa — > be the torus-equivariant 

morphism induced by r] (cf. Theorem 11.21) . Since the composite q := 7r(s,so) ° P '■ 
Xa — > =^(£,£0) ^ -^s is surjective and 7r(s,so) is the coarse moduli map, thus by 
[LMOOl Proposition 5.4 (ii)], p is surjective. It remains to show that p is smooth. This 
is an application of K. Kato's notion of log smoothness. From the construction of ?7, 
Lemma 12.101 and Lemma 13. 3[ we can easily see that the induced morphism (g, hq) : 
(Xa, A<a) (^s, A^e) is a E°-FR morphism. Moreover, by |Kat88l Theorem 3.5], 
we see that (g, hq) is log smooth (ch(A;) = 0). By the modular interpretation of ■!^y.{TP) 
(cf. Section 2), there exists the 1-morphism p' : Xa — > ^{t.,tP) which corresponds to 
{q,hg). Theorem 11.21 and Corollary 13.71 imply that p' coincides with p, and thus the 
morphism {p,hp) : (Xa,A^a) — > ('^(s.so), -^(e,so)) is a strict morphism. Here hp is 
the homomorphism induced by p. Then the following lemma implies that p is smooth. 

Lemma 3.11. Let {X,M) be a log scheme and {f,h) : {X,M) (^(e,so), -^(s,eo)) 
a strict 1-morphism. If the composite 

(7r(s,so), /i(s,so)) o (/, h) : (X, M) (Xs, 

is formally log smooth, then f : X —>■ ^(e,so) is formally smooth. 

Proof. It suffices to show the lifting property as in |Ols03t Definition 4.5]. Let 
z : To — s> T be a closed immersion of schemes defined by a square zero ideal. Let 
Oo : To — s> X and 6 : T — ^(e,eo) be a pair of 1-morphisms such that f o = h o i. 
We have to show that there exists a 1-morphism a : T — X such that a oi = and 
f o a = b. There exists the following commutative diagram 

{To,alM) -(X,^) 

(T,6*A1(E,E0)) — (^(E,E0),-M(E,SO)) 

('^(E,EO).'i(E,E0)) 

(Xs,A<s), 

where i, b, and Oo denote induced strict morphisms (we abuse notation). Since 
(7r(s,so)5 ^(s,i;o)) ° (/, h) is formally log smooth, there exists a morphism 

(a,t;):(T,6*A<(s,E0))^(X,A^) 

such that ao = a o i. Thus it suffices only to prove b = f o a. This is equivalent to 
showing that {a,v) is a strict morphism since ^s(S'^) = is the moduli stack of 

A^-FR morphisms into (X^, A^s). To see this, we have to show that for any geometric 
point i T, Vt : {a~^J^)t — > (&*A1(s,E0)/^T)f is an isomorphism. It follows from the 
following: Let 6 : P N*" be an injective homomorphism of monoids such that l{P) is 
close to N*". Let e : N'' — > be an endomorphism such that l = e o l. Then e is an 
isomorphism. □ 
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4. A GEOMETRIC CHARACTERIZATION THEOREM 

The aim of this Section is to give proofs of Theorem 11.31 and Theorem 11.11 In this 
Section, we work over an algebraically closed base field k of characteristic zero, except 
in Lemma [4.11 

Lemma 4.1. Let S he a normal Deligne-Mumford stack locally of finite type and 
separated over a locally noetherian scheme, and let p : S —>■ S be a coarse moduli map. 
Then S is normal. 

Proof. Our assertion is etale local on 5*, and thus we may assume that 5* is the 
spectrum of a strictly Henselian local ring. Set S = SpecO. In this situation, by 
|AV02l Lemma 2.2.3] there exist a normal strictly Henselian local ring R, a finite group 
G and an action m : Speci? x G ^ Spec R such that the quotient stack [Spec R/G] 
is isomorphic to S, and R^ = O (here R'^ is the invariant ring). Let n : Spec A —>■ 
SpecO be the normalization of SpecO in the function field Q(0). Let us denote by 
q : Speci? SpecO (resp. pr^ : Speci? x G ^ Speci?) the composite Speci? 
S ^ S = SpecO (resp. the natural projection). Then by the universality of the 
normalization, there exists a unique morphism q : Spec R Spec A such that noq = q. 
Note that q o pr^ (resp. q o m) is the unique lifting of g o pr^^ (resp. q o m). Since 
q o pr^ = q o m, thus we have q o pr^^ = q o m. This implies that A G O = R'^ and we 
conclude that 5" is normal. □ 

Proposition 4.2. Let : X.,a : X x ^ X) he a toric triple over k. 

Then the complement 2l := X — with reduced closed substack structure is a divisor 
with normal crossings, and the coarse moduli space X is a simplicial toric variety over 
k. 

Proof. First, we shall prove that X is a toric variety over k. Observe that the 
coarse moduli scheme X is a normal variety over k, i.e., normal and of finite type and 
separated over k. Indeed, according to Keel-Mori Theorem X is locally of finite type 
and separated over k. Since X is of finite type over k and the underlying continuous 
morphism \X\ — »• \X\ (cf. |LMOO^ 5]) of the coarse moduli map is a homeomorphism, 
thus X is of finite type over k by |LM00l 5.6.3]. Since X is smooth over k, thus by 
Lemma [4.11 X is normal. Since l : "-^ X, the coarse moduli space X contains G^ 
as a dense open subset. The torus action X x G^ — > X, gives rise to a morphism of 
coarse moduli spaces Qq : X x G^ — > X because X x G^ is a coarse moduli space for 
X X G^. Moreover by the universality of coarse moduli spaces, it is an action of G^ 
on X. Therefore X is a toric variety over k. 

Next we shall prove that the complement ^ is a divisor with normal crossings. 
Set G^ = Specfc[M] (M = Z"^) and X^ = X where E is a fan in X M (X = 
Homz(M, Z)). Let x Xs be a geometric point on Xs and put ^ := ^x^,x (the 
etale stalk). Consider the pull-back X^ := X x ^ ^ Spec G by Spec Gx-^,x — ^ As. 
Clearly, our assertion is an etale local issue on X^ and thus it suffices to show that 2) 
defines a divisor with normal crossings on Xff. By |AV02l Lemma 2.2.3], there exists 
a strictly Henselian local fc-ring R and a finite group F acting on Speci? such that 
Xff = [Speci?/F]. We have a sequence of morphisms 

Speci? [Spec_R/F] Spec G. 
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The composite q := vr o p is a finite surjective morphism. If U denotes tlie open 
subsclieme of Spec ^ wfiicli is induced by tlie torus embedding Gf^ C X-^, then the 
restriction q~^{U) — ^ ?7 is a finite etale surjective morphism. Let us denote by Ai^ 
the pull-back of the canonical log structure A4-£ on X-£ to Spec ff. Then in virtue of 
log Nagata-Zariski purity Theorem |Moc99l Theorem 3.3] (See also [HosOGl Remark 
1.10]), the complement Speci? — q~^{U) (or equivalently ^) defines a log structure 
on Spec-R (we shall denote by J^r this log structure) and the finite etale surjective 
morphism q~^{U) — * U extends to a Kummer log etale surjective morphism 

{q,h) : {Spec R, Mr) {Spec ^, Me). 

Let he the completion of along its maximal ideal. Let us denote by 

{q,h) : {T,Mr\t) {Spec ^,M^:=Mry\s) 



the pull-back of {q,h) by Spec ^ Spec ^. Then by |Kat94t Theorem 3.2], the log 
scheme (Spec A1^|^) is isomorphic to 

Spec{P-^k{x)[[P]]m^]]) 

where k{x) is the residue field of x — X^, P := Ai ^ ^ ^ k{x)[[P]][[N'']] {p ^ p), and 
I is a non-negative integer. (Strictly speaking, |Kat94] only treats the case of Zariski 
log structures, but the same proof can apply to the case of etale log structures.) By 
taking a connected component of T if necessary, we may assume that T is connected. 
Note that since the connected scheme T is finite over Spec ff, T is the spectrum of a 
strictly Henselian local /c-ring. Let Q he the stalk oi A4r\t at a geometric point t ^ T 
lying over the closed point t of T. Then by |Hos06[ Proposition A. 4], the Kummer log 
etale cover (g, h) has the form 

Spec {Q ^ Z[Q] ®^[p] A;(x)[[P]][[N^]]) Spec (P fc(x)[[P]][[N']]) 

defined hy P = M^- ^ (-M^It)* = Q, Idpj; : ^ and the natural map Q — >• 
HQ] ®z[P] A;(x)[[P]][[k']]. (Note that Z[Q] ®z[P] H^W]] = k{^)[[Q]] because Q ^ P 
is Kummer.) Since T is regular, thus Q is free, i.e., Q = W for some non-negative 
integer r. This implies that ^ is a divisor with normal crossings. 

Finally, we shall show that the toric variety X-^ is simplicial. To this end, we assume 
that S is not simplicial and show that such an assumption gives rise to a contradiction. 
From the assumption, there exists a geometric point a : x — > X^, such that the number 
of irreducible components of the complement D := X^, — on which the point x 
lies is greater than the rank rkTWff^ of A^ff^- Let r be the number of irreducible 
components of D on which the point x lies. Put P := AiY,,x- By the same argument 
as above, there exist a strictly Henselian local /c-ring R and a sequence of Kummer log 
etale covers 

{Spec R,p*M&) {X Spec ffxs,x,M&) -> (Spec i^x^.s, -^slspec^x^.J 

where Ai^is the log structure induced by ^ and the left morphism is a strict morphism. 
Moreover the pull-back of the composite Spec R Spec Gy.,x (it is a finite morphism) 
by the completion Spec (^y^.x Spec Gy,,x along the maximal ideal is of the form 

SpecA;(x)[[Nn][[N']] ^ Spec A;(x)[[P]][[N']] 
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because 7r~^(D)i.ed = ^ and ^ is a normal crossing divisor on the smooth stack. Here 
71 : X ^ Xy; is the coarse moduh map, and for each irreducible component C of D, 
7r^^(C)red is an irreducible component of ^ because the underlying continuous map 
|7r| : \X\ — >■ |X| (cf. |LM00l 5.2]) is a homeomorphism. However we have 

dim Spec > dimSpec A;(x)[[P]][[N']] =rkPfP + /. 

This is a contradiction. □ 

Proof of Theorem \1.3[ We shall construct a morphism from X to some toric algebraic 
stack and show that it is an isomorphism with desired properties. 
(Step 1) We first construct a morphism from X to some toric algebraic stack. Set 
= Specfc[M] (M = Z'^) and = Homz(M, Z). By Proposition i^l we can put 
X = Xs where S is a simplicial fan in N ®i M, and let us denote by vr : A" ^ the 
coarse moduli map. By |Iwa07al 3.3 (2)] and |Iwa07al 4.4], there exists a morphism 

(j) : X ^ '^(s.Eo^n) ^^^^ ^^^^ ^ ~ ^(s,so^n)°*^- -^^^ ^ P ^ ^(l)' denote by V{p) the 
corresponding irreducible component oi D = X^, — Spec A; [M] where Spec/c[M] C Xs 
is the torus embedding, that is, the torus-invariant divisor corresponding to p. Then 
y{p) := T^Vyyo \{V{p))red (resp. Wip) := t^~^ iV ip)) red) is an irreducible component of 
the normal crossing divisor ^(s.eo^^) ~ Spec A;[M] (resp. & = X — G^). Since 7r(s,sOan) 
and TT are coarse moduli maps, 0~"'^('3^(p))rcd = ^(p)- For each ray p G S(l), let 
rip G N be the natural number such that 

r\y{p)) = n,-w{p). 

Let (S, TP) be the stacky fan whose level on each ray p is Hp. \{ M.^ denotes the log 
structure associated to ^, the morphism of log stacks (vr, h^,) : {X,A4q,) — * (X^, A^s) 
(cf. Section 2.4) is a S^-FR morphism since ^ is a normal crossing divisor and 
(vr(s,EO,j,/i(s,EO,j) : (<^(E,so,j,-M(E,so,j) ^ (Xs,;Ws) is a SO^^-FR morphism. Then 
there exists a strict morphism of log stacks 

$ : {X,M^) — > (^(E,so),A^(s,so)) 

over (Xs, A^s), which is associated to the S°-FR morphism (vr, h.„). By the construc- 
tion of $, the restriction of $ to C X induces an isomorphism ^ Spec k[M] C 
'^(E,sO) of group fc-schemes. 

We will prove that $ is an isomorphism in (Step 2) and (Step 3). 
(Step 2) Observe that it suffices to prove that for each closed point x := Spec k X^, 
the pull-back : X x Spec ffxs,x '^(e,s") Spec ffxs,x by Spec ^Xs,x ~^ -^s is 
an isomorphism. (Here Gx^.x is the etale stalk.) Indeed, assume that $s is an isomor- 
phism for every closed point x = Specfc — > X^. Then by |Con07t Theorem 2.2.5], $ is 
representable. Moreover $ is finite. We see this as follows: Note that X is separated 
over k, thus $ is separated. In addition, clearly, $ is of finite type. Since vr and vr(s,so) 
are coarse moduli maps (in particular, proper), thus by [OlsOGj Proposition 2.7], $ is 
a proper and quasi- finite surjective morphism, i.e., a finite surjective morphism (cf. 
[LMOO[ Corollary A.2.1]). It is an etale local issue on X^ whether or not $ is an 
isomorphism, and thus by |EGAl Chap. IV 8.8.2.4] we conclude that $ is an isomor- 
phism because $ is a finite representable morphism. Therefore, we shall prove that 
$j. : X Xxj-^ Spec ^Xs,x — ^ '^(e,so) Xx^ Spec ^Xs,x is an isomorphism for each closed 
point X = Speck X^. For simplicity, put := ffxs,x, '■= Xx^ Spec ffx^,x and 
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'^(s SO) Spec Gxy.,x- Set a : Spec G X^. Write M., ^'^^ and A^(2 so) 

for log structures a* My., [a Xx^ X)*M^ and {a Xx^ <^(e,so))*-^(s,eo) on Spec X' 
and ^^j, respectively. Clearly, we may assume that S is a simplicial cone a and 

Xy, = Speck[P] Xfc where P = (cr^ fl M)/(invertible elements) and / is a non- 
negative integer. In addition, by replacing a with a face if necessary, we can suppose 
that the closed point x lies on the torus orbit of the point (o, 1) G SpecA;[P] x^, G^. 
Here o G SpecA;[P] is the origin, and 1 G is the unit point. Thus we may assume 
that X = (o, 1). 

(Step 3) We will prove that is an isomorphism. To this end, we first give an explicit 
representation of {X',A4'^) as a form of quotient stack. By |AV02l Lemma 2.2.3] and 
|Ols06l Theorem 2.12], there exist a dimensional strictly Henselian regular local Be- 
ring R (here d := dimX^), a finite group F acting on R which is isomorphic to the 
stabilizer group of any geometric point on X lying over x, and an isomorphism 

X' = [SpecP/r] 

over Spec ff. Furthermore the action of F on the closed point of Spec R is trivial and 
the invariant ring R^ is the image oi iff ^ R. Note that if Aut spec ^ ( Spec i?) denotes 
the group of automorphisms of Spec R over Spec iff, the natural homomorphism of 
groups F — i> Aut Spec ^ ( Spec -R) is injective because X' is generically represent able. Let 
us denote by p : Spec R [Spec R/T] the natural projection and put A4'^ ^ := p*Ai'^. 
Consider the composite Spec R — > [Spec R/T] Spec ^. Then this composite induces 
the morphism of log schemes 

{f,h) : {Spec R,M's^^ji) (Spec^,A<) 

whose underlying morphism Spec R Spec is finite and surjective. Let W be the 
open subscheme a~^{G^) C Spec (GJ^ C X-^)- Then the restriction f~^(W) W 
is a finite etale surjective morphism. In virtue of log Nagata-Zariski purity Theorem 
( [Moc99t Theorem 3.3] and [HosOGt Remark 1.10]), (/, h) is a Kummer log etale cover 
(ch(fc) = 0). Now put ^ = k{P,ti,. . . ,ti} C k[[P]][[ti,...,ti]] where k{P,ti, . . . ,ti} is 
the (strict) Henselization of the Zariski stalk of the origin of Spec k[P,ti, . . . ,ti]. Con- 
sider the homomorphism P = Aig — > F := -M'^^j where s — > Spec ^ and i Spec R 
are geometric points lying over the closed points of Spec and Spec R respectively. 
Then by [HosOGt Proposition A. 4], (/, h) is of the form 

Spec (F ^ k[F] ®k[p] k{P, ti, . . . , ti}) Spec (P k{P, h, . . . , U}) 

where underlying morphism and homomorphism of log structures are naturally in- 
duced by P — > P and ti i-^ ti. Here P — > k[F] ®k[P] k{P,ti, . . . ,ti} and P — >• 
k{P, ti, . . . ,ti} are the natural homomorphisms. As observed in [Sti02t 3.19], the group 
Aut (Spec ^,Ai) ((Spec R, M'^ ^)) of automorphisms of (Spec R, M'^ ^) over (Spec ^, A4) 
is naturally isomorphic to G := Hom group (P^^/P^^, k*). Here an element g & G acts 
on k[F] ®k[P] k{P,ti, . . . ,ti} by / ^— s> g{f) ■ f for any f & F. The natural forget- 
ting homomorphism Aut (spec^,>i)((Spec P, A^'^ ^)) Aut spec^(Spec R) is an isomor- 
phism. The injectivity is clear from the action of G, and the surjectivity follows 
from the facts M'^ ji = {s G ^spocJ?! s is invertible on f~^(W)} and Ai = {s E 
^Spec^l s is invertible on W}. Furthermore, since the category of Kummer log etale 
coverings is a Galois category (cf. |Hos06l Theorem A.l]), the injective morphism 
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T ^ G = Aut spec<$-(Spec i?) = Aut (Spcc^',A4)((Speci?, is surjective, i.e., bijec- 

tive. Indeed, if it is not surjective, then the Kummer log etale cover (or its underlying 
morphism) {Spec R, A4'^ j^) /T (Spec is not an isomorphism and thus we ob- 

tain a contradiction to = G . Since any local ring that is finite over a Henselian 
local ring is also Hensehan, thus we have k\F\ (8>fc[p] ^{-P, ^i, • • • = k{F,ti . . . ,ti} 
where k{F,ti, . . . ,ti} is the (strict) Henselization of the Zariski stalk of the origin of 
Spec k[F,ti, . . . ,ti\. Hence there exists an isomorphism of log stacks 

(A", M'^) = ([Spec k{F, ti, . . . , k}/G],MF) 

over (Spec i^,A4) where A^i;' is the log structure on [Spec ti, . . . ,ti}/G] induced 
by the natural chart F —>■ k{F, ti, . . . , ti}. In particular, the morphism 

{[Spec k{F,ti, ... ,ti}/G],MF) ^ (Spec G,M) 

is isomorphic to {X',A4'e^) as a S°-FR morphism over (Specif, Next, by using 
this form we will prove that $2. is an isomorphism. Note that the morphism $j. : X' 
^(s s") Spec G is the morphism associated to the E°-FR morphism {X', M.'c^) — > 
(Spec G, Ai). Thus what we have to show is that [Spec k{F, ti, . . . , ti}/G]/specff is the 
stack whose objects over S —>■ Spec ^ are S°-FR morphisms {S,Af) — > (Spec^, 
and whose morphisms are strict (Spec ^, A^)-morphisms between them (cf. Section 
2.3). By Proposition 12.121 the stack ([Spec fc[F]/G'] y<k '^m)/Spcck[P]x^.G'^ represents 
the stack whose objects over S Spec k[P] x^, are S°-FR morphisms {S,Af) 
(Spec k[P]x kGl^, Mp) and whose morphisms are strict (Spec /c[P] x^Gj^, A/p)-morphisms 
between them. Here we abuse notation and write A/p for the log structure associated 
to the natural map P k[P] 0^. T{Gl^, ^g'^) (i.e., the canonical log structure on 
Xs = Spec k[P] Xk G^), and G acts on Spec k[F] in the same way as above. Consider 
the cartesian diagram 

[Spec k{F, t,,..., ti}/G] [Spec k[F]/G] x^ G'^ 



Spec k{P,t 



ti} 



Spec k[P] XkGl 



where the lower horizontal arrow is a : Spec ^ Spec k[P] x^ G'„. Then this diagram 
implies our assertion and we conclude that <l>s is an isomorphism. 
(Step 4) Finally, we shall show that the diagram 



X X 



Id 



X 



<^(E,so) X Specfc[M] ^°'^(s,so) 



commutes. Let : ^(s,so) x Spec A;[M] A" x G^ be a functor such that ($x$o)ovl/ ^ 
Id and \E'o ($ x $0) — W. Notice that both $omo\[' and a(s,EO) are liftings of the torus 
action x Spec k[M] — > X^. Then we have $ o m o \Ef = a(s,so) because a lifting (as 
a functor) ^(e,eo) x Spec k[M] — > ^(s,so) of the torus action Xs x Spec k[M] — > Xs is 
unique up to a unique isomorphism (cf. Corollary 13. 71) . Thus <l>om = a(E,EO) o ($ x $0). 
This completes the proof of Theorem 11.31 □ 
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Proof of Theorem It follows from Theorem 11.21 and Theorem 11.31 □ 

Let ^ be an algebraic stack. For a point a : Specif ^ with an algebraically 
closed field K the stabilizer group scheme is defined to be pr^ : Specif ^(a,a),s:y.x a 
Specii', where A is diagonal. If 5^ is Deligne-Mumford, then the stabilizer 
group scheme is a finite group. The proof of Theorem 11.31 immediately implies: 

Corollary 4.3. Let ^ he a smooth Deligne-Mumford stack separated and of finite 
type over k. Suppose that there exists a coarse moduli map it : ^ ^ X^. to a toric 
variety such that vr is an isomorphism over T^.- Let V{p) denote the torus-invariant 
divisor corresponding to each ray p, and suppose that the order of stabilizer group of 
the generic point on 7T~^{V{p)) is Up. Then there exists an isomorphism ^ — > ^(e,so) 
over Xy., where the level of TP on p is Up for each p. 



n 



and an 
then 



Proof. By the proof of Theorem 11.31 there exist some stacky fan 
isomorphism ^ = <^(s,so) over X^. Moreover if the level of S° on p is 
by |Iwa07al Proposition 4.13] the stabilizer group of the generic point on the torus- 
invariant divisor on ^(s,so) corresponding to p is of the form /x„ = Spec K[X]/ (X" — 1). 
Therefore our claim follows. □ 



Remark 4.4. In virtue of Theorem 1 1.3 1 one can handle toric triples, regardless of their 
constructions, by machinery of toric algebraic stacks |Iwa07aj and various approaches. 
(See Section 5.) 

One reasonable generalization of toric triple to positive characteristics might be a 
smooth tame Artin stack with finite diagonal that is of finite type over an algebraically 
closed field, satisfying (i), (ii), (iii) in Introduction. (For the definition of tameness, 
see |AUV08j . Since the stabilizer group of each point on a toric algebraic stack is 
diagonalizable, thus every toric algebraic stack is a tame Artin stack.) Indeed, toric 
algebraic stacks defined in |Iwa07aj are toric triples in this sense in arbitrary char- 
acteristics. We conjecture that the geometric characterization theorem holds also in 
positive characteristics. 

Remark 4.5. Let us denote by Torst the 2-category of toric algebraic stacks, or 
equivalently (by Theorem II. ip 2-category of toric triples (cf. Section 1). Let us denote 
by Smtoric (resp. Simtoric) the category of smooth (non-singular) toric varieties (resp. 
simplicial toric varieties), whose morphisms are torus-equivariant. From the results 
that we have obtained so far, we have the following commutative diagram (picture). 



lorst ■ 



Smtoric 




(Category of non-singular fans) 



(Category of stacky fans) 



Simtoric 



(Category of simplicial fans) 



where a(S) = (S, T^^^) and 6(S) = S for a non-singular fan S. The functors l and i are 
natural inclusion functors. The functors l, i, a and b are fully faithful. All horizontal 
arrows are equivalences. 
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5. Related works 



In this Section we discuss the relationship with |BCS05j . |FMN07] and |Per07j . We 
work over the complex number field C. If no confusion seems to likely arise, we refer 
to toric triples as toric stacks. 

We first recall the stacky fans introduced in [BCSOSj . Let iV be a finitely generated 
abelian group. Let S be a simplicial fan in A'" ®i Q. Let N be the lattice, that is, 
the image of N N ®i Q. For any b & N, we denote by b the image of b in N. Let 
{pi, . . . , pr} be the set of rays of S. Let {bi, . . . , br} be the set of elements of N such 
that each bi spans pi. The set {61, . . . , br} gives rise to the homomorphism f3 : 7/" ^ N. 
The triple S = (A^, J], jS : T/' —>■ N) is called a stacky fan. If is free, then we say 
that S is reduced. Every stacky fan H has the natural underlying reduced stacky fan 
5^red = {N, Ti,f3 : U —>■ N), where N = A^/ (torsion) is the lattice and jS is defined to 
be the composite W ^ N ^ N . 

Let S = (A^, E, (3) be a reduced stacky fan. Let /3>o : Z>q — >• A^ be the map induced 
by the restriction of 13. The intersection /5>o(Zi>q) fl |E| forms a free- net of E. The 
pair (E,/?>o(Z>q) fi |E|) is a stacky fan in the sense of Definition 12.11 Conversely, 
every stacky fan (E, TP) in Definition 12. II is obtained from a unique reduced stacky fan 
S = (A^, E,/5). It gives rise to a one-to-one bijective correspondence between reduced 
stacky fans and stack fans in the sense of Definition 12. 1[ In order to avoid confusions, 
in this Section we refer to a stacky fan in the sense of Definition 12. II as a framed stacky 
fan. 

Let I] = (A^, E,/9) be a stacky fan. Assume that the rays span the vector space 
N ®i Q. In |BCS05] . modelling the construction of D. Cox |Cox95aj . toric Deligne- 
Mumford stack ^"(1]) is constructed as a quotient stack [Z/G\. There exists a coarse 
moduli map vr(S) : Af(S) X^. 

Suppose that S is reduced and let (E, TP) be the corresponding framed stacky fan. 
Then we have: 

Proposition 5.1. There exists an isomorphism 



of algebraic stacks over X^. 

Proof. We will prove this Proposition by applying the geometric characterization 
Theorem 11.31 and Corollary 14.31 Let d be the rank of N . The stack ^(S) is a smooth 
(i-dimensional Deligne-Mumford stack separated and of finite type over C, and its 
coarse moduli space is the toric variety Xy, (see |BCS05t Lemma 3.1, Proposition 3.2 
and Proposition 3.7]). From the quotient construction, X{^) has a torus embedding 
Gji^ — »• X{11). By Corollary 14.31 to prove our Proposition it suffices to check that the 
order of stabilizer group at the generic point of 7r(S)~^(y(pj)) is equal to the level of 
E*^ on Pi. Here V{pi) is the torus-invariant divisor corresponding to pi. To this end, 
we may assume that E is a complete fan. Then [BCS051 Proposition 4.7] implies that 
the order of stabilizer group at the generic point of 7r(S)~^(V(pj)) is the level rip^ of 



Remark 5.2. The explicit construction of A'(S) plays no essential role in the proof 
of Proposition 15. H and the proof uses only some intrinsic properties. It may show the 




^(S) 



pi- 



□ 
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flexibility of our results. If a new approach (construction) to this subject is proposed 
(in the future), then the category of toric triples will provide a useful bridge. Taking 
it into account, we believe that a good attitude is to have various approaches at one's 
disposal and to feel free in choosing one of them depending on situations. 

Let T, = {N = N' ®Z/wiZ®- ■ -©Z/iytZ, E, 13) be a stacky fan such that A^' is a free 
abelian group, and let Sred be the associated reduced stacky fan. There is a morphism 
A'(S) — > A* (Sred), which is a finite abelian gerbe. This structure is obtained by a 
simple technique called "taking ra-th roots of an invertible sheaf. We will explain it. 
Recall the notion of the stack of roots of an invertible sheaf (for example, see |Cad07] ). 
Let X be an algebraic stack and C an invertible sheaf on X. Let P : X ^ BQ^ be 
the morphism to the classifying stack of G^, that corresponds to C Let / be a positive 
integer and /; : -BGm — >• -BG^ the morphism associated to / : — > G.^ : g ^ ■ 
Then the stack of /-th roots of C is defined to be X x p^BGmJi -^^m- The reason why this 
stack is called the stacks of /-th roots is that it has the following modular interpretation: 
Objects of X X p^BGmJi BGm over a scheme S are triples (S* — X, A^, : J\A®^ — ^ £), 
where A4 is an invertible sheaf on S and is an isomorphism. A morphism of triples is 
defined in a natural manner. The first projection X x p^BGmJi BGm — X forgets data 
Ai and 0. We write X(£^/') for the stacks of l-th. roots of C. In [JTOTj Proposition 
2.9, Remark 2.10] or [Per 07 1 Proposition 3.1] it was observed and shown that A'(S) is 
a finite abelian gerbe over A'(Si.ed) which is obtained by using the stacks of roots of 
invertible sheaves. In the light of Proposition 15. Ij it is stated as follows: 

Corollary 5.3. Let (S, S*^) be the framed stacky fan that corresponds to Sj-ed- Let 
hij G Z/wjZ he the image of hi & N in Z/wjZ. {We may regard hij as an element 
of {0, . . . ,Wj — 1}.) Let Mi he an invertihle sheaf on ^(e,so); which is associated to 

the torus-invariant divisor corresponding to pi. Let Cj = ®iN'f'^^'\ Then A'(S) is 
isomorphic to 

^(E,,o)(/:l/-) x^.^^^^„, ... x,^^^^^„, ^(E,EO)(/:y-). 

It is known that every separated normal Deligne-Mumford stack is a gerbe over a 
Deligne-Mumford stack that is generically a scheme. We will consider an intrinsic 
characterization of toric Deligne-Mumford stacks in the sense of |BCS05j from the 
viewpoint of gerbes. Since the construction in [BCSOSj employed the idea of Cox, thus 
we need to impose the assumption that the rays {pi, . . . ,pr} span the vector space 
N (8)z Q. In order to fit in with |BCS05] , we consider the following condition of toric 
stacks (toric triples). A toric stack (triple) X is said to be full if X has no splitting 
X' X Gf^, such that X' is a toric stack and p is a positive integer. 

Let ^ be an algebraic stack. We say that an algebraic stack ^ ^ is a polyroots 
gerhe over ^ if it has the form of the composite 

^(/:;/"^)(/:2^"^) . . . [c]/''') ^ ^(/:;/"^)(/:2^"^) . . . (/:I/_"r^) ^ — ^ ^, 

where is an invertible sheaf on ^ {C\^^^){Cy^'^) ■ ■ ■ [C]^''^) for i > 2 and Ci is an 
invertible sheaf on For example, if Ca and Cb is invertible sheaves on and W = 

s^{l]1'") x^ (/:;/"'), then ^ is the composite ^(/:y")(/:b|'^"^^)) ^ Sf::{La) ^, 

and thus it is a polyroots gerbe over ^ . 
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Proposition 5.4. A toric Deligne-Mumford stack in the sense of |BCS05j is precisely 
characterized as a polyroots gerbe over a full toric stack [i.e., full toric triple in our 
sense). 

Proof. Note first that by Corollary 15.31 every toric Deligne-Mumford stack A'(S) 
is a polyroots gerbe over some toric stack ^(s,so); so is a polyroots gerbe over 

'^(E,so)- Since the condition on E that rays span the vector space A^®zQ is equivalent 
to the condition that ^(s,eo) is full, thus every toric Deligne-Mumford stack is 
a polyroots gerbe over a full toric stack (triple). Thus we will prove the converse. It 
suffices to prove that for any toric Deligne-Mumford stack X^S) and any invertible 
sheaf C on it, the stack is also a toric Deligne-Mumford stack in the sense 

of |BCS05] . Here n is a positive integer. Note that is the quotient stack [Z/G] 

where G is a diagonalizable group and Z is an open subset of an affine space A'' such 
that codimension of the complement A"^ — Z is greater than 1. Thus the Picard group 
A'' is naturally isomorphic to that of Z, so every invertible sheaf on Z is trivial, that 
is, every principal G^-bundle on Z is trivial. Therefore every principal Gm-bundle on 
[Z/G] has the form [Z x Gf^/G] [Z/G] where the action of G on Z x arises from 
the action of G on Z and some character X : G ^ Gm- Let a : [Z/G] BGm be the 
morphism induced by Z — > SpecC and A : G — Gm- Notice that a : [Z/G] BGm 
is the composite [Z/G] —>■ EG BGm, where the first morphism is induced by 
the G-equivariant morphism Z Spec C and the second morphism is induced by 
A : G Gm- Let / : Gm — > Gm '■ 9^9^ and let G := G Xx^g^^i Gm- Then we obtain 
the diagram 

g BG BGm 

fl 

[Z/G] ^BG ^BGm 

where the left square is a cartesian diagram and the right vertical morphism is induced 
by / : Gm — Gm- Then by |Jia07l Corollary 1.2] Q is a toric Deligne-Mumford 
stack. Since [Z x Gm/G] = [Z/G] Xa,BGm, SpecC, the morphism a corresponds to 
the principal G^-bundle [Z x Gm/G] ^ [Z/G]. Thus if ^ = [Z/G] x^^bg^Ji BGm, 
it follows our claim. Thus it suffices to check that the right square is a cartesian 
diagram. Indeed, there exists a natural isomorphism B^ii = SpecC x^g™,,; BGm and 
thus we have B^i = Spec G Xbg {BG x sg^J; BGm)- Moreover there exists a natural 
isomorphism B^i = SpecC x bg BG because the kernel of G ^ G is /i/. Consider the 
natural morphism BG BG x bg^Ji BGm over BG. Its pullback by the flat surjective 
morphism SpecC BG is an isomorphism B^i B^i. Thus BG = BGx BGmJiBGm- 
Hence our proof completes. □ 

Relation to |FMN07j . In [FMN07j . Fantechi-Mann-Nironi generalize the notion of 
toric triples introduced in this paper. In order to flt in with the framework of [BCSOSj , 
they introduced "DM torus" which is a torus with a trivial gerbe structure and con- 
sidered actions of DM tori on algebraic stacks. Following the point of view that "toric 
objects" should be characterized by torus embeddings and actions, they discuss a 
geometric characterization of toric Deligne-Mumford stack in th sense of |BCS05j by 
means of smooth Deligne-Mumford stacks with DM torus embeddings and actions (cf. 
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|FMN07( Theorem II]). Namely, the embeddings and actions of DM tori provide gerbe 
structures on toric triples, discussed above. 

Notes. The former version of this paper was posted on arXiv server during December 
2006 and in it the main results of this paper were proven, whereas |FMN07j appeared 
on arXiv in August 2007. 

Relation to |Per07] . In [Per 07] . Perroni studied 2-isomorphism classes of all 1- 
morphisms between toric Deligne-Mumford stacks in the sense of [BCS05] . The method 
and description are parallel to |Cox95bt section 3]. Let and A'(S') be toric 

Deligne-Mumford stacks. Suppose that is proper over C. Then Perroni gave 

a description of 2-isomorphism classes of 1-morphisms from A'(S) to X{T,') in terms 
of homogeneous polynomials of (For details, see |Per07t Section 5].) Assume 

that S and S' are reduced. If the morphism / : ^"(5]) — »• A'(S') associated to a 
system of homogeneous polynomials (cf. |Cox95bi Theorem 5.1]) induces a torus- 
equivariant morphism / : X^, —>■ Xj^i, then by Corollary 13.71 and 13. 8^ / is a torus- 
equivariant morphism. Namely, if (S, S°) and (S', E °) denote framed stacky fans 
corresponding to S and S' respectively, then the morphism S ^ S' of fans corre- 
sponding to / : — i> Xy;' induces (S, S°) — > (S',S°), and through isomorphisms 
'^(E,so) — '^(S) and ^(2',s'o) — '^(^O) ^^e morphism <^(s,so) ~^ =^(s',e'o) associated 
to (S, SO) ^ (S', S'O) is identified with /. 
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